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108. 


ON CERTAIN MULTIPLE INTEGRALS CONNECTED WITH THE 
THEORY OF ATTRACTIONS. 


[From the Cambridge and Dublin Mathematical Journal, vol. vu. (1852), pp. 174—178.] 


Tr is easy to deduce from Mr Boole’s formula, given in my paper “On a Multiple 
Integral connected with the theory of Attractions,” Journal, t. 11. [1847], pp. 219—223, 
[44], the equation 


Í dE dn... re Sg... T st" (8,2 — o) ds 
EEA er OTa A] 


where n is the number of variables of the multiple integral, and the condition of the 
integration is 


Ea 0. zn; 
also where 
foten p ETBN npa 
$+, Sto 
and e is the positive root of 
gr Ooh, EAE a 
etga e+ gs 


Suppose f=g...=6,, and write (a—a,)'+...=4, we obtain 


ae x nn pete. 
(E—aP +... va Tan- (+s ’ 
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the limiting condition for the multiple integral being 


(~a) +... 5 0), 
and the function ø, and limit e, being given by 
e v Pe v 
ont as a Malee 


e denoting, as before, the positive root. Observing that the quantity under the integral 
sign on the second side vanishes for s=e, there is no difficulty in deducing, by a 
differentiation with respect to @,, the formula 
d= fae S! f st (0? — a) ds st! Al 
E-F.. + PGn-gT@s. d+ 


where d= is the element of the surface (—a,)'+...=0,, and the integration is 
extended over the entire surface. 


A slight change of form is convenient. We have 


k v? 
02-0 = 0? “Tay ea es TOMH) 
if we suppose ar eE pig 
The formulæ then become 
i TA p am F (02st + xs — v)! ds 
Eaa E a eek s (Lopte ii? 
ped. erate Qaring, he (028 + x8 — v) ds 
CF Th on) aa 


in which e is the positive root of the equation 
be + ye- =0. 
I propose to transform these formula by means of the theory of images; it will be con- 


venient to investigate some preliminary formule. Suppose \*=a?+ 8?..., M= a+ Bè; 
also consider the new constants a, b,..., a, b,,..., U, fi, determined by the equations 


&a &a, 
ET a Ye aa 


Sy 6, 


Vee” xa 
where 6 is arbitrary. Then, putting 
B=at+b?..., l?=a2+b,..., 
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it is easy to see that 


HC +H)=8 Ot 0e) (e-f) = 


&a &a, 
and peat or Gg 
an OF ad.) 


proT” Bam 


Proceeding to express the single integrals in terms of the new constants, we have in 
the first place k* = &k*, where 


a a \ 
B= (ara BA) Mires 
or if we write 
ad, + bb, ... = ll, cos w, 
we have 
ie at, p i 1? ey 211, cos w 
SF CP FG) 


Hence also x =6*j, where 
- wt SWE u? 
j= -JP Ere 
whence 
sane “2 + 1 + 211, cos w 
Id ET +e 12 -f (P+) (i? — f2) =f)? 
il 
prata PtH 
where p?= 2+ l? — 2ll, cos w, that is 
p= (a-ayr+(b-byPt+...5 
consequently 6,%s?+ ys — v = SII, where TI is given by 
Ti fè e 2 w — fè) iE u i 
ga (hè -fer (P ura u?) (l —f?) (P+ ue)? ? 
and it is clear that e will be the positive root of 
0= E e n = _ (P+ fi) ex i te 
UER | COH) Cht) 


It may be noticed that, in the particular case of w=0, the roots of this equation 


I 


a ot) — f? 
are 0, and P-ATA, Consequently if p*—/ and l,?—/? are of opposite signs, 
1 


we have e=0; but if p?— fe and l?— f? are of the same sign, e -AN 


ef? 
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In order to transform the double integrals, considering the new variables v, y,..., 
I write +y... =r? and 
_ Òr 
G of pees 


whence also, if £ +n? + ... =p? (which gives rp = &), we have 


E's 
aie r ati Ee i 
also it is immediately seen that 
ĝt 
(E-a +... (F wrr oe be ee, 


(E-a)... Mae fi}; 


and from the latter equation it follows that the limiting condition for the first integral 
is (v—a)’+...5f? (there is no difficulty in seeing that the sign < in the former 
limiting condition gives mse here to the sign >), and that the second integral has to be 
extended over the surface (s — ay +... =f. Also if dS represent the element of this 
surface, we may obtain 


5" ele a 
d&dn...= pan da dy pt dÈ = aa IS; 
and, combining the above formule, we obtain 
Í dæ dy... 
(+Y... + {(@ — a} +(y—b)?... + ujia 


ian r ies a Tds 
~TGn-gl (q+1) (LHA) . s (1 +s 
the limiting condition of the multiple integral being 
(s-a) +y- b). Sf’; 
and 
dS 
(2+ y?...) +9 (æ — a) + (y — bY + upa 
EERE e ELITA E T 
~ Thin- g) Tg (CH le~ fe) e (A m?’ 


where dS is the element of the surface («—a,)?+(y—6,)?...=f2, and the integration 
extends over the entire surface. In these formula, J, l, p, II denote as follows: 


P=@4+'+..., l?=a2+b2+..., p=(a—ay+O6-b)+ 
Je jon a +u—f?) WA 
(l? -fer le- fè) @ 4 wy? (È + wy z 


and e is the positive root of the equation II =0. 


I= 
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The only obviously integrable case is that for which in the second formula q=1; 
this gives 
Í ds a Qari f, 
@+y” (eal +y— byte Gn) Cru e AAA A 
In the case of u=0, we have, as before, when p-f, and 1,?—/? are of opposite 


signs, e=0, and therefore 1+e=1; but when p*—f? and l?—f? are of the same 
sign, the value before found for e gives 


iiin BA (Pf? + (p-f e-f 


Consider the image of the origin with respect to the sphere (æ — aY + (y -— bY... =f}, 
the coordinates of this image are , 


B-A} OALs-, 
and consequently, if w be the distance of this image from the point (a, b...), we have 


w= fa- pf 


1 
=p UR +P- E-A); 
whence, by a simple reduction, 
_ oy 
Ne 
or the values of the integral are 


ie. Qari” 
p’—f? and l?—f? opposite signs, J = T'Gn) ma 

Iàn pen 
Wi p (4n) Up? (L? ~f?)’ 
where yw is the distance from the point (a, b...) of the image of the origin with respect 
to the sphere («@—a,?+...—f?=0. 


pP -— fe and lèt- f? the same sign, I 


Stone Buildings, August 6, 1850. 
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